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This paper considers the problem of an axisymmetric inﬁnite cylinder with a ring shaped crack at z = 0 and two ring-
shaped rigid inclusions with negligible thickness at z = ±L. The cylinder is under the action of uniformly distributed
axial tension applied at inﬁnity and its lateral surface is free of traction. It is assumed that the material of the cylinder
is linearly elastic and isotropic. Crack surfaces are free and the constant displacements are continuous along the rigid
inclusions while the stresses have jumps. Formulation of the mixed boundary value problem under consideration is
reduced to three singular integral equations in terms of the derivative of the crack surface displacement and the stress
jumps on the rigid inclusions. These equations, together with the single-valuedness condition for the displacements
around the crack and the equilibrium equations along the inclusions, are converted to a system of linear algebraic equa-
tions, which is solved numerically. Stress intensity factors are calculated and presented in graphical form.
 2005 Elsevier Ltd. All rights reserved.
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Many unexpected failures of equipments and various machines have occurred throughout the industrial
world. It is seen that many failures have been caused by preexisting notches or ﬂaws in the materials that
initiate cracks. These initial cracks propagate under service loading and ﬁnally may lead to a complete fail-
ure of the structure. Crack growth occurs generally through opening of a gap between the crack surfaces.0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
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veniently be deﬁned by the stress intensity factors (SIFs).
In the early studies, for example, the eﬀect of a penny-shaped crack on the distribution of stresses in an
inﬁnitely long cylinder has been studied in Sneddon and Tait (1963). A pair of Gauss–Chebyshev integra-
tion formulas for singular integrals has been developed in Erdogan and Gupta (1972). Using these formulas
a simple numerical method for solving a system of singular integral equations has been described. The axi-
symmetric semi-inﬁnite cylinder with ﬁxed short end has been analyzed in Gupta (1974). Normal loads have
been prescribed far away from the ﬁxed end. An integral transform technique to formulate the problem in
terms of a singular integral equation has been used. Stresses along the rigid end and stress intensity factors
have been computed numerically. A semi-inﬁnite elastic strip containing a transverse central crack has been
considered in Turgut and Gec¸it (1988). Formulation has been reduced to a system of three singular integral
equations. The elastostatic plane problem of a ﬁnite strip has been solved by Gec¸it and Turgut (1988) in
which the solution of the problem has been obtained by considering (i) an inﬁnite strip containing a trans-
verse rigid inclusion at the middle and (ii) two symmetrically located transverse cracks. The general plane
problem for an inﬁnite strip containing multiple cracks perpendicular to its boundaries has been considered
in Civelek and Erdog˘an (1982) by using the method of singular integral equations. The problem of a hollow
cylinder containing an arbitrarily oriented radial crack has been analyzed in Delale and Erdog˘an (1982).
The cylinder has been subjected to arbitrary normal tractions on the crack surfaces. Problem has been for-
mulated in terms of a singular integral equation by using the basic dislocation solutions as the greens func-
tions. The elasticity problem for a long hollow circular cylinder containing an axisymmetric circumferential
crack has been considered in Nied and Erdog˘an (1983). The problem has been formulated in terms of a
system of singular integral equations with the Fourier coeﬃcients of the derivative of the crack surface dis-
placement density functions. The SIFs and the crack opening displacement have been calculated. Again the
SIFs and stress distributions in solid or hollow cylindrical bars with axisymmetric internal or edge crack
have been investigated by Erdol and Erdog˘an (1978) using the standard transform technique.
In the present study, the SIFs for an inﬁnitely long elastic solid cylinder containing a ring shaped crack
whose surfaces are free of tractions and two ring-shaped rigid inclusions symmetrically located on both
sides of the crack with arbitrary but equal widths are calculated. The solid cylinder is under the action
of axisymmetric tensile loads at inﬁnity. Material of the cylinder is assumed to be linearly elastic and iso-
tropic. The main objective of this study is to have a good acquaintance with the mathematical diﬃculties in
such a problem for a solid cylinder containing cracks and rigid inclusions, and also to have a good idea on
the interaction of cracks and inclusions for this particular geometry and to calculate SIFs at the edges of the
ﬂaws.2. Formulation and integral equations
Consider the axisymmetric problem for the solid cylindrical bar shown in Fig. 1. The inﬁnite solid cyl-
inder contains a ring-shaped crack of width (b  a) at the symmetry plane z = 0 and two ring shaped rigid
inclusions of width (d  c) at z = ±L planes. The surfaces of the crack are free of tractions. The displace-
ments are constant and continuous whereas stresses have jumps along the rigid inclusions with negligible
thickness. The cylinder with radius A is subjected to uniformly distributed axial tension of intensity p0
at inﬁnity. Therefore, the governing equations of the axisymmetric elasticity problems must be solved under
the following boundary conditions:rzðr; 0Þ ¼ 0; a < r < b; ð1aÞ
wðr; 0Þ ¼ 0; 0 < r < a; b < r < A; ð1bÞ
rzðr;þ1Þ ¼ p0; 0 < r < A; ð2aÞ
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uðr;þLÞ ¼ 0; c < r < d; ð3aÞ
uðr;LÞ ¼ 0; c < r < d; ð3bÞ
wðr;þLÞ ¼ const.; c < r < d; ð3cÞ
wðr;LÞ ¼ const.; c < r < d; ð3dÞ
rrðA; zÞ ¼ 0; 1 < z <1; ð4aÞ
srzðA; zÞ ¼ 0; 1 < z <1; ð4bÞwhere u and w are the r- and z-components of the displacement vector, r and s denote the normal and
shearing stresses, respectively. Solution for the problem shown in Fig. 1 may be obtained conveniently
by superposing the solutions for (1) an inﬁnite cylinder subjected to uniformly distributed tensile axial loads
at inﬁnity, and (2) an inﬁnite cylinder having a ring-shaped crack at z = 0 and two rigid inclusions at
z = ±L (perturbation problem). The external load in the perturbation problem is the negative of the stresses
at location of the crack and the displacements at locations of the inclusions obtained from the ﬁrst problem.
Solution for the displacement and the stress components for the ﬁrst problem is obtained easily in the form
(Toygar, 1998)uðrÞ ¼  ðj 3Þp0
2lðj 7Þ r; ð5aÞ
wðzÞ ¼ 2p0
lðj 7Þ z; ð5bÞ
rrðr; zÞ ¼ 0; ð6aÞ
rzðr; zÞ ¼ p0; ð6bÞ
srzðr; zÞ ¼ 0; ð6cÞL
L
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Fig. 1. Geometry and loading for the inﬁnite cylinder with crack and inclusions.
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symmetry about z = 0 plane. Hence, only one half (zP 0) of it is considered.
General expressions for the stresses and the displacements for the perturbation problem must contain
suﬃcient number of unknowns so that all of the boundary conditions (1)–(4) can be satisﬁed. Therefore,
the following three sub-problems shown in Fig. 2 are considered.
(I) An inﬁnite axisymmetric elastic medium with no crack or inclusions: General expressions are ob-
tained by using Fourier sine/cosine transforms on z in the form (Toygar, 1998)L
Luðr; zÞ ¼ 2
p
Z 1
0
 1
2
c1I1ðqrÞ þ c2qrI0ðqrÞ
 
cosðqzÞdq; ð7aÞ
wðr; zÞ ¼ 2
p
Z 1
0
1
2
c1I0ðqrÞ  c2½ðjþ 1ÞI0ðqrÞ þ qrI1ðqrÞ
 
sinðqzÞdq; ð7bÞ
rrðr; zÞ ¼ 2lp
Z 1
0
c1 I0ðqrÞ þ 1qr I1ðqrÞ
 
þ c2½ðj 1ÞI0ðqrÞ þ 2qrI1ðqrÞ
 
q cosðqzÞdq; ð8aÞ
rzðr; zÞ ¼ 2lp
Z 1
0
fc1I0ðqrÞ  c2½ðjþ 5ÞI0ðqrÞ þ 2qrI1ðqrÞgq cosðqzÞdq; ð8bÞ
srzðr; zÞ ¼ 2lp
Z 1
0
fc1I1ðqrÞ  c2½2qrI0ðqrÞ þ ðjþ 1ÞI1ðqrÞgq sinðqzÞdq; ð8cÞwhere I0, I1 are the modiﬁed Bessel functions of the ﬁrst kind of order zero and one, respectively, c1, c2 are
yet unknowns.
(II) An inﬁnite axisymmetric elastic medium containing a ring-shaped crack of width (b  a) at z = 0:
Navier equations are solved by the use of Hankel transform on r (Toygar, 1998)uðr; zÞ ¼ 1
jþ 1
Z 1
0
MðqÞðj 1 2qzÞeqzJ 1ðqrÞdq; ð9aÞ
wðr; zÞ ¼ 1
jþ 1
Z 1
0
MðqÞðj 1 2qzÞeqzJ 0ðqrÞdq; ð9bÞ=
r
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Fig. 2. Perturbation problem.
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Z 1
0
MðqÞ ½2qz ðj 1Þ 1
qr
J 1ðqrÞ þ 2ð1 qzÞJ 0ðqrÞ
 
qeqz dq; ð10aÞ
rzðr; zÞ ¼ 4ljþ 1
Z 1
0
MðqÞð1þ qzÞqeqzJ 0ðqrÞdq; ð10bÞ
srzðr; zÞ ¼ 4ljþ 1
Z 1
0
MðqÞqzqeqzJ 1ðqrÞdq; ð10cÞwhere J0, J1 are the Bessel functions of the ﬁrst kind of order zero and one, respectively,MðqÞ ¼
Z b
a
mðrÞrJ 1ðqrÞdr; ð11Þm(r) is the unknown crack surface displacement derivativeo
or
½w1ðr; 0Þ  w2ðr; 0Þ ¼ 2mðrÞ; a < r < b; ð12aÞ
mðrÞ ¼ 0; 0 < r < a; b < r < A. ð12bÞ(III) An inﬁnite axisymmetric elastic medium containing two ring-shaped rigid inclusions of width
(d  c) at z = ±L: Navier equations are solved again by the use of Hankel transform on r, and the following
expressions may be written for the displacements and the stresses in (L 6 z 6 L) (Toygar, 1998)uðr; zÞ ¼ 1
2lðjþ 1Þ
Z 1
0
½ðqðL zÞ þ jÞP 1ðqÞ  qðL zÞP 2ðqÞeqðLzÞJ 1ðqrÞdq
þ 1
2lðjþ 1Þ
Z 1
0
½ðqðLþ zÞ þ jÞP 1ðqÞ  qðLþ zÞP 2ðqÞeqðLþzÞJ 1ðqrÞdq; ð13aÞ
wðr; zÞ ¼ 1
2lðjþ 1Þ
Z 1
0
½ðqðL zÞ þ jÞP 2ðqÞ þ qðL zÞP 1ðqÞeqðLzÞJ 0ðqrÞdq
þ 1
2lðjþ 1Þ
Z 1
0
½ðqðLþ zÞ þ jÞP 2ðqÞ  qðLþ zÞP 1ðqÞeqðLþzÞJ 0ðqrÞdq; ð13bÞ
rr ¼ 1
2ðjþ 1Þ
Z 1
0
½ð2qðL zÞ  2jÞP 1ðqÞ þ 2qðL zÞP 2ðqÞeqðLzÞ

þ½ð2qðLþ zÞ  2jÞP 1ðqÞ þ 2qðLþ zÞP 2ðqÞeqðLþzÞ
 1
r
J 1ðqrÞdq
þ 1
2ðjþ 1Þ
Z 1
0
½ð2qðL zÞ þ ðjþ 3ÞÞP 1ðqÞ þ ð2qðL zÞ þ ðj 3ÞÞP 2ðqÞeqðLzÞ

þ½ð2qðLþ zÞ þ ðjþ 3ÞÞP 1ðqÞ  ð2qðLþ zÞ þ ðj 3ÞÞP 2ðqÞeqðLþzÞ

qJ 0ðqrÞdq; ð14aÞ
rzðr; zÞ ¼ 1
2ðjþ 1Þ
Z 1
0
½ð2qðL zÞ  ðj 1ÞÞP 1ðqÞ þ ð2qðL zÞ  ðjþ 1ÞÞP 2ðqÞeqðLzÞ

þ½ð2qðLþ zÞ  ðj 1ÞÞP 1ðqÞ þ ð2qðLþ zÞ þ ðjþ 1ÞÞP 2ðqÞeqðLþzÞ

qJ 0ðqrÞdq; ð14bÞ
srzðr; zÞ ¼ 1
2ðjþ 1Þ
Z 1
0
½ð2qðL zÞ  ðjþ 1ÞÞP 1ðqÞ þ ð2qðL zÞ  ðj 1ÞÞP 2ðqÞeqðLzÞ

þ½ð2qðLþ zÞ  ðjþ 1ÞÞP 1ðqÞ þ ð2qðLþ zÞ þ ðj 1ÞÞP 2ðqÞeqðLþzÞ

qJ 1ðqrÞdq. ð14cÞ
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Z d
c
p1ðrÞrJ 1ðqrÞdr; ð15aÞ
P 2ðqÞ ¼
Z d
c
p2ðrÞrJ 0ðqrÞdr; ð15bÞwhere the unknown functions p1(r), p2(r) are the shearing and the normal stress jumps on the rigid
inclusions,srzðr; LþÞ  srz1ðr; LÞ ¼ p1ðrÞ; c < r < d; ð16aÞ
rz2ðr; LþÞ  rz1ðr; LÞ ¼ p2ðrÞ; c < r < d; ð16bÞsatisfying the conditionsp1ðrÞ ¼ p2ðrÞ ¼ 0; 0 6 r < c; d < r < A. ð17a; bÞ
When the general expressions for these three sub-problems are added together and substituted in the stress
boundary conditions at the lateral surface of the solid cylinder, (4a) and (4b), the unknowns c1, c2 are cal-
culated. The general expressions for the perturbation problem are obtained in terms of the three unknown
functions M(q), P1(q), P2(q) which will be determined by using the boundary condition (1a) on the crack,
(3a) and (3c) on the inclusions. It is noted that (3a) and (3c) are displacement type conditions whereas (1a)
is a stress type condition. These three boundary conditions can be put into the formrzðr; 0Þ ¼ p0; a < r < b; ð18Þ
o
or
wðr; LÞ ¼ 0; c < r < d; ð19aÞ
1
r
o
or
½ruðr; LÞ ¼ 3 j
7 j
p0
l
; c < r < d ð19bÞfor the perturbation problem. Substituting the sum of the expressions given in (8b), (10b) and (14b) for the
stress rz in (18); (7b), (9b) and (13b) for the displacement w in (19); and (7a), (9a) and (13a) for the displace-
ment u in (19b), separating the divergent integrals giving the simple Cauchy-type singularity, Muskhelishvili
(1953), after lengthy manipulations, the following singular integral equations are obtained (see Toygar
(1998) for details):2l
p
Z b
a
2
t  r þ 2H 1ðr; tÞ þ tN 11ðr; tÞ
 
mðtÞdt þ
Z d
c
t T 1ðr; tÞ  2pN 12ðr; tÞ
 
p1ðtÞdt
þ
Z d
c
t T 2ðr; tÞ  2pN 13ðr; tÞ
 
p2ðtÞdt ¼ ðjþ 1Þp0; a < r < b; ð20aÞ
2l
Z b
a
t T 3ðr; tÞ þ 2pN 21ðr; tÞ
 
mðtÞdt þ
Z d
c
t T 4ðr; tÞ  4pN 23ðr; tÞ
 
p1ðtÞdt
þ
Z d
c
tT 5ðr; tÞ þ jpH 2ðr; tÞ þ
j
p
1
ðt  rÞ 
4
p
tN 22ðr; tÞ
 
p2ðtÞdt ¼ 0; c < r < d; ð20bÞ
2l
Z b
a
t T 6ðr; tÞ þ 2pN 31ðr; tÞ
 
mðtÞdt þ
Z d
c
tT 7ðr; tÞ þ jpH 3ðr; tÞ þ
j
p
1
t  r 
4
p
tN 33ðr; tÞ
 
p1ðtÞdt

Z d
c
t T 8ðr; tÞ þ 4pN 32ðr; tÞ
 
p2ðtÞdt ¼ 2ðjþ 1Þ
3 j
7 j p0; c < r < d; ð20cÞ
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m1ðr; tÞ ¼
2ðt  rÞ
r
K
t
r
 	
þ 2r
t þ r E
t
r
 	
; r > t
2t
t þ r E
r
t
 	
; r < t
8>><
>>:
9>>=
>>;; ð22aÞ
m2ðr; tÞ ¼
2t
t þ r E
t
r
 	
; t < r
 2ðt  rÞ
r
K
r
t
 	
þ
2t2
r
t þ r E
r
t
 	
; t > r
8>><
>>:
9>>=
>>;; ð22bÞ
m3ðr; tÞ ¼
2ðt  rÞ
r
K
t
r
 	
þ 2r
t þ r E
t
r
 	
; r > t
2t
t þ r E
r
t
 	
; r < t
8>><
>>:
9>>=
>>;; ð22cÞK and E are the complete elliptic integrals of the ﬁrst and the second kinds, respectively. Nij(r, t)
(i, j = 1, . . . , 3) are the kernels and Ti(r, t) (i = 1, . . . , 3) are the elliptic integrals and are deﬁned in the Appen-
dix A. Eq. (20a)–(20c), must be solved together with the following single-valuedness condition for the dis-
placement around the crackZ b
a
mðtÞtdt ¼ 0 ð23Þand the equilibrium conditions for the stresses on the rigid inclusions,Z d
c
piðtÞtdt ¼ 0 ði ¼ 1; 2Þ. ð24a; bÞWhen the integral equations (20a)–(20c) are examined closely, one may realize that
(i) there are Cauchy-type singularities at t = r,
(ii) the kernels H11, H22, H33, have only logarithmic singularity at k = 0,
(iii) among the kernels Nij, (i, j = 1, . . . , 3) only N11, N22, N33 have singular terms when t = Aand r = A. Nij
are all bounded when r < A and can be written in the formNijðr; tÞ ¼
Z 1
0
Lijðr; t; kÞdk; ði; j ¼ 1; . . . ; 3Þ. ð25ÞLengthy expressions for the integrands Lij, (i, j = 1, . . . , 3) contain Bessel functions and are given in Toygar
(1998). The singularity at zero may easily be removed by examining the behavior of integrands Lij for k! 0
and giving regard to (23) and (24). It can be shown that the integrands of the kernels are bounded every-
where except for k =1. By examining the asymptotic behavior of the integrands in (25) for k!1, the
singular terms may be separated. Introduce the following notation:
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Z 1
0
Lij1ðr; t; kÞdk ði; j ¼ 1; . . . ; 3Þ; ð26aÞ
Lij1ðr; t; kÞ ¼ lim
k!1
Lijðr; t; kÞ ði; j ¼ 1; . . . ; 3Þ; ð26bÞin which the expressions for Lij1(r, t,k), (i, j = 1, . . . , 3) are given in the Appendix A. The bounded parts of
the kernels can then be expressed asNijbðr; tÞ ¼ Nijðr; tÞ  Nijsðr; tÞ ði; j ¼ 1; . . . ; 3Þ; ð27aÞ
Nijbðr; tÞ ¼
Z 1
0
½Lijðr; t; kÞ  Lij1ðr; t; kÞdk ði; j ¼ 1; . . . ; 3Þ. ð27bÞBy using the asymptotic expressions of modiﬁed Bessel functions, for positive values of r and t, the expres-
sions for Lij1(r, t,k) can be obtained and their integrals giveN 11sðr; tÞ ¼ 2þ 12ðA rÞ d
dr
 4ðA rÞ2 d
2
dr2
 
1
r þ t  2A
 
; ð28aÞ
N 22sðr; tÞ ¼ 1
4
ðj2  3Þ þ 3ðA rÞ d
dr
 ðA rÞ2 d
2
dr2
 
1
r þ t  2A
 
; ð28bÞ
N 33sðr; tÞ ¼ 1
4
ðj2  3Þ þ 3ðA rÞ d
dr
 ðA rÞ2 d
2
dr2
 
1
r þ t  2A
 
. ð28cÞTogether with the simple Cauchy kernel, 1/(t  r), N11, N22, N33 constitute generalized Cauchy kernels. The
unknown functions m(t), p1(t) and p2(t) have integrable singularities at the end points. WritingmðtÞ ¼ MðtÞ½ðt  aÞðb tÞc; 0 < ReðcÞ < 1; ð29aÞ
piðtÞ ¼ P i ðtÞ½ðt  cÞðd  tÞd ði ¼ 1; 2Þ; 0 < ReðdÞ < 1; ð29b; cÞwhere MðtÞ; P i ðtÞ ði ¼ 1; 2Þ are Ho¨lder-continuous functions in the respective intervals [a,b] and [c,d],
after somewhat routine manipulations, Toygar (1998), it can be shown that c and d satisfy the characteristic
equationscot pc ¼ 0; ð30aÞ
cot pd ¼ 0; ð30bÞwhich give c = 1/2 at the edges of the crack (r! a, r! b) and d = 1/2 at the edges of the inclusions (r! c,
r! d). The system of three singular integral equations (20a)–(20c), with the single-valuedness condition
(23) and the equilibrium conditions (24a,b), are ﬁrst normalized and then by using the Gauss–Lobatto inte-
gration formula, are put into the form of a system of linear algebraic equations. Introducing the dimension-
less variables a, n on the crack and g, b on the inclusions by the relationst ¼ b a
2
aþ bþ a
2
; a < t < b; 1 < a < 1; ð31aÞ
r ¼ b a
2
nþ bþ a
2
; a < r < b; 1 < n < 1; ð31bÞ
t ¼ d  c
2
gþ d þ c
2
; c < t < d; 1 < g < 1; ð31cÞ
r ¼ d  c
2
bþ d þ c
2
; c < r < d; 1 < b < 1; ð31dÞ
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p
Z 1
1
mðaÞ H 1ðn; aÞ þ 2a nþ
bN 11ðn; aÞ
 
daþ 1
p
Z 1
1
p1ðgÞ½T 1ðn; gÞ  N 12ðn; sÞdg
þ 1
p
Z 1
1
p2ðgÞ T 2ðn; gÞ  N 13ðn; gÞ

 
dg ¼ ðjþ 1Þp0; 1 < n < 1; ð32aÞ
2l
p
Z 1
1
mðaÞ bT 3ðb; aÞ þ bN 21ðb; aÞh idaþ 1p
Z 1
1
p1ðgÞ½T 4ðb; gÞ  N 23ðb; gÞdg
þ 1
p
Z 1
1
p2ðgÞ T 5ðb; gÞ  H 2ðb; gÞ þ
j
g b N 22ðb; gÞ
 
dg ¼ 0; 1 < b < 1; ð32bÞ
2l
p
Z 1
1
mðaÞ½bT 6ðb; aÞ þ bN 31ðb; aÞdaþ 1p
Z 1
1
p1ðgÞ T 7ðb; gÞ þ H 3ðb; gÞ þ
j
g b N 33ðb; gÞ
 
dg
þ 1
p
Z 1
1
p2ðgÞ½T 8ðb; gÞ  N 32ðb; gÞdg ¼ 2ðjþ 1Þ
3 j
7 j p0; 1 < b < 1; ð32cÞwheremðaÞ ¼ m b a
2
aþ bþ a
2
 
; ð33aÞ
piðgÞ ¼ pi
d  c
2
gþ d þ c
2
 
ði ¼ 1; 2Þ. ð33b; cÞBy substituting singular behavior of the dimensionless unknown functionsmðaÞ ¼ MðaÞð1 a2Þ1=2; 1 < a < 1; ð34aÞ
piðgÞ ¼ P iðgÞð1 g2Þ1=2 ði ¼ 1; 2Þ; 1 < g < 1 ð34b; cÞand by using the Gauss–Lobatto integration formula, Stroud and Secrest (1966), (32a)–(32c) may be con-
verted to a system of linear algebraic equations. This system is solved numerically. The inﬁnite integrals are
calculated using Laguerre and Filon integration formulas, Stroud and Secrest (1966). After the numerical
solution is completed, mode I SIFs k1a, k1b at the edges of the crack, mode I SIFs k1c, k1d and mode II SIFs
k2c, k2d at the edges of the rigid inclusions may be calculatedk1a ¼ lim
r!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ða rÞ
p
rzðr; 0Þ; ð35aÞ
k1b ¼ lim
r!b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðr  bÞ
p
rzðr; 0Þ; ð35bÞ
k1c ¼ lim
r!c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðc rÞ
p
rzðr; LÞ; ð36aÞ
k1d ¼ lim
r!d
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðr  dÞ
p
rzðr; LÞ; ð36bÞ
k2c ¼ lim
r!c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðc rÞ
p
srzðr; LÞ; ð36cÞ
k2d ¼ lim
r!d
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðr  dÞ
p
srzðr; LÞ. ð36dÞ
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Some of the calculated results are presented in graphical form in Figs. 3–12 for the normalized SIFs at
the edges of the crackFigk1a ¼ k1a=p0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðb aÞ=2
p
; ð37aÞ
k1b ¼ k1b=p0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðb aÞ=2
p
ð37bÞand the normalized SIFs at the edges of the inclusionsk1c ¼ k1c=p0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðd  cÞ=2
p
; ð38aÞ
k1d ¼ k1d=p0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðd  cÞ=2
p
; ð38bÞ
k2c ¼ k2c=p0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðd  cÞ=2
p
; ð38cÞ
k2d ¼ k2d=p0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðd  cÞ=2
p
. ð38dÞTable 1 shows the comparison of the results for k1a; k1b when L/A!1 with Nied and Erdog˘an (1983) for
a particular geometry. Table indicates a pretty good agreement.
Figs. 3–5 show the normalized SIFs k1a; k1b at the edges of the crack whose centerline is at r = A/2 since
a + b = A. Centerline of the inclusions is also at r = A/2 since c + d = A too. Fig. 3 gives variations with the
crack width when L/A = 1 and m = 0.3. It seems that both SIFs increase when the crack width increases. k1a
is more sensitive to crack width and is greater than k1b. Both are larger for wider inclusions. Fig. 4 gives
variations of k1a and k1b with inclusion width when L/A = 0.5, b  a = 0.8A and centerlines of the crack
and the inclusions are all at r = A/2 again for various m values. k1a seems to be sensitive to m for relatively
wider inclusions while k1b seems to be practically independent of m. k1a is always larger than k1b. Fig. 5 shows
variations of normalized SIFs k1a; k1b at the edges of the crack with L/A when a + b = A, c + d = A,(b – a)/A
ν     = 0.3
L/A   = 1.0
_
1b
_k
k1a
__
, 1b1a kk
. 3. Variation of the normalized stress intensity factors k1a; k1b with (b  a)/A when L = A, a + b = A, c + d = A, m = 0.3.
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Fig. 4. Variation of the normalized stress intensity factors k1a; k1b with (d  c)/A when L = 0.5A, b  a = 0.8A, a + b = A, c + d = A.
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Fig. 5. Variation of the normalized stress intensity factors k1a; k1b with L/A when a + b = A, c + d = A, b  a = 0.6A, m = 0.3.
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Fig. 6. Variation of the normalized stress intensity factors k1c; k1d with (b  a)/A when L = A, a + b = A, c + d = A, m = 0.3.
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Fig. 7. Variation of the normalized stress intensity factors k1c; k1d with (d  c)/A when L = A, a + b = A, c + d = A, m = 0.3.
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Fig. 8. Variation of the normalized stress intensity factors k1c; k1d with L/A when a + b = A, c + d = A, d  c = 0.5A, m = 0.3.
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Fig. 9. Variation of the normalized stress intensity factors k2c; k2d with (d  c)/A when L = A, a + b = A, c + d = A, m = 0.3.
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Fig. 10. Variation of the normalized stress intensity factors k2c; k2d with (d  c)/A when L = 0.5A, b  a = 0.8A, a + b = A,
c + d = A.
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Fig. 11. Variation of the normalized stress intensity factors k2c; k2d with (b  a)/A when L = 0.5A, d  c = 0.4A, a + b = A, m = 0.3.
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the inclusions on the crack is maximum when L/A  1 and this eﬀect vanishes practically when L/A > 5.
Figs. 6–8 show the normalized mode I SIFs k1c; k1d at the edges of the inclusions whose centerline as well
as the centerline of the crack are at r = A/2. In Figs. 6 and 7, L/A = 1 and m = 0.3. As can be seen from
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Fig. 12. Variation of the normalized stress intensity factors k2c; k2d with L/A when a + b = A, c + d = A, b  a = 0.6A, d  c = 0.8A.
Table 1
Comparison of k1a; k1b when L/A!1 for a = 0.505A, b = 0.595A, c + d = A
Nied and Erdog˘an Present study
k1a 1.028 1.024
k1b 0.989 0.984
M.E. Toygar, M.R. Gec¸it / International Journal of Solids and Structures 43 (2006) 4777–4794 4791Fig. 6, k1c and k1d both increase monotonically as the crack width increases when d  c = 0.2A, 0.5A, or
0.8A. Fig. 7 shows that, for relatively wide cracks, e.g., when b  a = 0.8A, k1c and k1d ﬁrst decrease as
the inclusions get wider up to d  c  0.5A and then increase as d  c increases further. This may be
due to the fact that crack edges create more disturbed stress ﬁelds in comparison with inclusion edges.
k1c seems to be more sensitive and is always larger than k1d . Fig. 8 shows variations of k1c; k1d at the edges
of the inclusions with L/A when a + b = A, c + d = A, d  c = 0.5A and m = 0.3. Three crack widths are
considered: 0, 0.4A, 0.6A. Maximum interaction is observed when L/A  1 and it fades away when
L/A > 7.
Figs. 9–11 show variations of the normalized mode II SIFs k2c and k2d at the edges of the inclusions with
crack and inclusion widths. In Fig. 9, L/A = 1, m = 0.3 and all centerlines are at r = A/2. k2c increases con-
siderably as d  c increases and/or b  a decreases. On the other hand, k2d decreases as d  c increases and
seems to be slightly eﬀected when b  a changes for relatively large values of d  c. In Fig. 10, L/A = 0.5,
b  a = 0.8A and all centerlines are at r = A/2. k2c increases as d  c and/or m increases. In general, k2d is
larger for larger m, except for d  c > 0.74A. Note that the inclusions become ineﬀective as m decreases, i.e.,
as Poissons eﬀect diminishes. In Fig. 11, L/A = 0.5, d  c = 0.4A, m = 0.3 and the centerline of the crack is
at r = A/2. As c + d increases, the inclusions with constant width 0.4A move outward and k2c decreases.
k2c and k2d decrease when b  a increases.
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a + b = A, c + d = A, b  a = 0.6A and d  c = 0.8A. Three values for m are considered: 0.2, 0.3, 0.4.
k2c and k2d both increase as L/A increases up to 2.5, after slight decreases until 5, remain constant
afterwards.4. Conclusions
The eﬀect of two rigid inclusions on crack propagation in an axisymmetric inﬁnite cylinder under uni-
axial tension is being examined. The normalized SIFs for crack and inclusions are computed and presented
in graphical form. It is observed that the normalized mode I SIFs at the edges of the crack and at the edges
of the inclusions increase with increasing inclusion width while crack is propagating radially. However, the
normalized mode II SIFs at the edges of the inclusions decrease with increase in inclusion width. As the
crack gets closer to the circumference of the cylinder, considerable increase is observed in the normalized
SIFs. As the inclusions get farther from the crack, the normalized mode I SIFs at the edges of the crack and
the inclusions decrease, but the normalized mode II SIFs at the edges of the inclusions increase. Interaction
fades away when L/A >  7. It is also observed that the SIFs are inﬂuenced by the material property which
is brought into consideration by the Poissons ratio. As the Poissons ratio becomes smaller, the eﬀect of the
rigid inclusions becomes smaller too.Appendix A
Expressions of the inﬁnite integrals appearing in Eq. (20a)–(20c) areNij ¼
Z 1
0
Lij1ðr; t; kÞdkþ
Z 1
0
½Lijðr; t; kÞ  Lij1ðr; t; kÞdk; i ¼ 1; . . . ; 3; j ¼ 1; . . . ; 3; ðA:1Þwhere the unbounded integrands are given in the formL111 ¼ e
kð2ArtÞﬃﬃﬃ
rt
p f4ðA rÞðA tÞk2 þ 2ðA rÞkþ 6ðA tÞk 4g;
L121 ¼ e
kð2ArtÞﬃﬃﬃ
rt
p cos kL 2ðA rÞðA tÞk2 þ jðA rÞk 3ðA tÞk 1
2
ð3j 1Þ
 
;
L131 ¼ e
kð2ArtÞﬃﬃﬃ
rt
p sin kL 2ðA rÞðA tÞk2 þ jðA rÞkþ 3ðA tÞk 1
2
ð3jþ 1Þ
 
;
L211 ¼ e
kð2ArtÞﬃﬃﬃ
rt
p 2ðA rÞðA tÞk2 þ ðA rÞðA tÞðjþ 2Þk 1
2
ðjþ 3Þ
 
;
L221 ¼ e
kð2ArtÞﬃﬃﬃ
rt
p cos kL ðA rÞðA tÞk2 þ j
2
ðA rÞk j
2
þ 1
 	
ðA tÞk 1
4
ðj2 þ 2j 1Þ
 
;
L231 ¼ e
kð2ArtÞﬃﬃﬃ
rt
p sin kL ðA rÞðA tÞk2 þ j
2
ðA rÞkþ j
2
þ 1
 	
ðA tÞk 1
4
ðj2 þ 2jþ 1Þ
 
;
L311 ¼ e
kð2ArtÞﬃﬃﬃ
rt
p 2ðA rÞðA tÞk2  ðA rÞkþ ðj 2ÞðA tÞk 1
4
ðj 3Þ
 
;
L321 ¼ e
kð2ArtÞﬃﬃﬃ
rt
p cos kL ðA rÞðA tÞk2  j
2
ðA rÞk j
2
 1
 	
ðA tÞk 1
4
ðj 1Þ
 
;
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kð2ArtÞﬃﬃﬃ
rt
p sin kL ðA rÞðA tÞk2  j
2
ðA rÞkþ 1
2
ðj 2ÞðA tÞk 1
4
ðj2  2j 1Þ
 
; ðA:2ÞTi(r, t), (i = 1, . . . , 8), the elliptic integrals, are deﬁned as follows:T 1ðr; tÞ ¼ 2Lgðr; tÞ  ðj 1Þhðr; tÞ;
T 2ðr; tÞ ¼ 2Lpðr; tÞ þ ðjþ 1Þqðr; tÞ;
T 3ðr; tÞ ¼ 2Laðr; tÞ þ ðjþ 1Þbðr; tÞ;
T 4ðr; tÞ ¼ 2Lcðr; tÞ;
T 5ðr; tÞ ¼ 2Ldðr; tÞ  jeðr; tÞ;
T 6ðr; tÞ ¼ 2Lgðr; tÞ þ ðj 1Þhðr; tÞ;
T 7ðr; tÞ ¼ 2Lf ðr; tÞ þ jnðr; tÞ;
T 8ðr; tÞ ¼ 2Lzðr; tÞ;
ðA:3Þin whichaðr; tÞ ¼
Z 1
0
q2eqLJ 1ðqtÞJ 1ðqrÞdq;
bðr; tÞ ¼
Z 1
0
qeqLJ 1ðqtÞJ 1ðqrÞdq;
cðr; tÞ ¼
Z 1
0
q2eqLJ 1ðqtÞJ 0ðqrÞdq;
dðr; tÞ ¼
Z 1
0
q2e2qLJ 0ðqtÞJ 1ðqrÞdq;
eðr; tÞ ¼
Z 1
0
qe2qLJ 0ðqtÞJ 1ðqrÞdq;
f ðr; tÞ ¼
Z 1
0
q2e2qLJ 1ðqtÞJ 0ðqrÞdq;
gðr; tÞ ¼
Z 1
0
q2eqLJ 1ðqtÞJ 0ðqrÞdq;
hðr; tÞ ¼
Z 1
0
qeqLJ 1ðqtÞJ 0ðqrÞdq;
nðr; tÞ ¼
Z 1
0
qe2qLJ 1ðqtÞJ 0ðqrÞdq;
zðr; tÞ ¼
Z 1
0
q2e2qLJ 0ðqtÞJ 0ðqrÞdq. ðA:4ÞReferences
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